The phase variation of the superconducting gap over the (normal) Fermi surface of the high-temperature superconductors remains a significant unresolved question.
The momentum and frequency dependence of the superconducting gap reflects the underlying structure of the pairing interaction. In traditional low-temperature superconductors the gap depends weakly on momentum with negligible anisotropy on the (normal) Fermi surface, and exhibits a clear frequency dependence near important phonon energies. This implies that the effective pairing interaction is short range in space, retarded in time, and relatively isotropic. Detailed analysis of the frequency dependence of the gap determined from I(V ) measurements provides the most direct evidence that the electron-phonon interaction [1] is responsible for superconductivity in these materials. The p-wave gap in the 3 He superfluids [2] and the evidence of nodes [3] consistent with d-wave pairing in some of the heavy fermion superconductors suggest that the basic interactions in these systems repel at momentum transfers comparable to the Fermi momentum. The exchanges of paramagnetic [4] or antiparamagnetic [5] spin-fluctuations have been proposed as models for such interactions.
A variety of gap symmetries have been suggested for the cuprate-oxide superconductors based on particular models of the pairing mechanism. Phonon and charge fluctuation mediated mechanisms typically lead to gaps which may vary in magnitude but remain constant in phase over the Fermi surface. Here we will call such gaps anisotropic s-wave gaps. Pairing interactions associated with the exchange of an antiferromagnetic spin-fluctuation in the
Hubbard model produce a d x 2 −y 2 gap which changes sign on the Fermi surface [6, 7] . Slave boson approximations and variational calculations for the t-J model have led to d x 2 −y 2 and complex d-wave gaps [8] . One example of a complex d-wave gap has a constant magnitude, but a phase which varies as exp(2iφ), where φ is the angular location of a point on the Fermi surface. Clearly, a method for determining the relative phase of the gap between different points on the Fermi surface would substantially constrain any theory of high-temperature superconductivity. Here we show how neutron scattering measurements of phonon linewidths can provide such a probe.
This method involves locating and measuring anomalies (discontinuities) in phonon linewidths which occur as a function of temperature or frequency at the quasiparticle-pair-production threshold. Previously a method was proposed [9] for measuring the angle-resolved gap magnitude using only the threshold frequencies. That method has been applied [10] Conversely, gap nodes do not guarantee gap sign changes. The method we propose has adequate Fermi surface angular resolution and, most importantly, probes the bulk properties of the superconductor.
The method for measuring the energy-gap magnitude in Ref. [9] took advantage of the following geometrical arguments. For phonon momenta larger than an inverse coherence length, the two quasiparticles produced from a phonon's decay appear at only two places on a quasi-two-dimensional Fermi surface. A derivation similar to that in previous work on three-dimensional superconductors with isotropic gaps [12] identifies a discontinuity in the linewidth of a phonon when it crosses the threshold surface. A crossing can occur either through variation of the phonon frequency and momentum (moving along a dispersion curve) or altering the threshold surface (changing the temperature). In order to determine the gap magnitude, the size of the discontinuity is unimportant, so long as it is observable.
We show in this Letter that the size of the discontinuity yields a direct measurement of the phase of the gap. For a given phonon, the ratio of the discontinuity at low temperature to the normal-state linewidth is
where ∆φ is the relative phase between gaps at the locations where quasiparticles are created (described above). To understand this, we note that the phonon linewidth is proportional to the imaginary part of the density-density response function [13] ImP (q, ω) = (2)
Here ε k is the normal state dispersion relation for electrons (measured from the chemical potential), f (ε) is the Fermi function, ∆ k is the (momentum-dependent) gap, and
The first term in Eq. 2 arises from the scattering of thermal quasi-particles, and the second term corresponds to quasiparticle pair production. The square brackets contain the usual BCS coherence factors. When the phonon energy exceeds the minimum energy |∆ ko | + |∆ q−ko |, pair production of quasiparticles occurs. The discontinuity in the linewidth arises due to the square-root divergence in the density of states near each of the points k o and q − k o . The coherence factor regulates the magnitude of the discontinuity. When both quasiparticles are created on the Fermi surface, the coherence factor reduces to this simple form [14] :
We now consider two different phonons in La 1.85 Sr .15 CuO 4 , shown as q 1 and q 2 on the Fermi surface [15] (Fig. 1) . We will examine their behavior for four different gap functions:
i. isotropic.
We choose T c = 40K and ∆(T ) to follow the BCS temperature dependence with 2∆(0) = 6k B T c . The minimum energy of decay for phonons in this superconductor is not momentum dependent.
ii. constant phase with nodes.
has nodes on the Fermi surface at the four locations indicated with black squares on Fig. 1 .
This is a limiting example of an anisotropic s-wave gap.
iii. d x 2 −y 2 .
has the same gap magnitude as the above anisotropic s-wave gap, and thus is indistinguishable from it in most probes. However, the relative phase ∆φ can take two values: 0 and π.
The former case occurs for phonon q 1 , while the latter for q 2 .
iv. complex d-wave.
has the same gap magnitude as the isotropic case, and so is indistinguishable from it for most probes. The relative phase between two points, however, can take on a continuum of values from 0 to π. We will focus on the above four gaps in this Letter although the theory applies to all gap functions.
The ratio of the linewidth at a low temperature (T c /2) to that in the normal state is shown for all four gaps for phonon q 1 = (0.4π, 0) in Fig. 2 and q 2 = (π, 0.5π) in Fig. 3 . This ratio depends on the imaginary part of the polarization (density-density) response according to the following equation:
We find this ratio convenient because it does not depend on the electron-phonon coupling.
There are two discontinuities in the linewidths for the anisotropic s-wave and d x 2 −y 2 gaps in Fig. 2 because there are two possible ways to create quasiparticles on the Fermi surface:
the normal process, labeled by q 1 in Fig. 1 , and an Umklapp process, the dotted vector on There is a single discontinuity for the isotropic-gap case because both of these decay channels have the same minimum energy, 2∆(T ). For the complex d-wave gap, the gap magnitudes for these two decay channels are the same, but the phase of the gap at k o and
For the normal case, the phase difference ∆φ = .35π, while for the Umklapp case, ∆φ = .22π. These relative phases yield discontinuities of 73% and 88% respectively of the isotropic-gap result. Since they occur at the same energy, the observed discontinuity has an intermediate size of ∼ 80%, as found in Fig. 2 .
For the momentum transfer q 2 , shown in Fig. 3 there is only one decay channel, so there is a single discontinuity for all four gap functions. For the constant phase gaps, (i) and (ii), this discontinuity has its maximum size. For the d x 2 −y 2 gap, the relative phase between k o and q 2 is π, so there is no step in the linewidth. There is merely a discontinuity in the slope of the linewidth. For the complex d-wave gap, the relative phase is quite close to π, and the size of the discontinuity reaches merely 2% of maximum. It is clear in Figs. 2 and 3 that not only are superconductors with different gap magnitudes distinguishable from each other (isotropic from anisotropic s-wave), but those which only differ by their gap phase as well (d x 2 −y 2 from anisotropic s-wave and complex d-wave from isotropic).
Figs. 4 and 5 shows the temperature-dependence of phonons with momenta q 1 and q 2 , respectively, and energy ω = ∆(0) in the four superconductors. Although the energies of phonons with momentum q 2 have not been measured, a candidate phonon should exist [16] for a large range of values of ∆(0). There are three known candidates for q 1 .
In Fig. 4 all of the superconductors have an enhanced linewidth below the critical temperature (T c ), and the discontinuities occur at a temperature resolvable from T c . For the gap functions with anisotropic gap magnitudes, the two decay channels are resolvable as separate discontinuities. A linewidth enhancement at temperatures just above the discontinuity, similar to those shown, was observed in several phonons in a classic niobium experiment [17] . The enhancement for the complex d-wave gap is lower than the isotropic one because the relative phase between k o and q 1 − k o differs from 0. From Eq. 1, there will be an enhancement before the discontinuity unless the relative phase exceeds .41π.
A relative phase of π between k o and q 2 − k o in Fig. 5 for the d x 2 −y 2 case causes the linewidth to monotonically decrease from T c without a discontinuity. For the complex d-wave, the relative phase is close to π, causing the linewidth at T c to drop, and the discontinuity at low temperature to be extremely small. Thus the discontinuity size, and the slope of the linewidth at T c probe the relative phase of the gap.
Recently Mook et al. [11] reported the narrowing of a low-energy phonon in Bi 2 Sr 2 CaCu 2 O 8 upon cooling through T c . The resolution of that measurement was inadequate to determine the structure around the discontinuity. However, performing the measurement at a slightly higher resolution should determine the nature of that structure.
The enhancement prior to the discontinuity expected for s-wave gaps would not be expected for this phonon if the superconductor had a d x 2 −y 2 gap.
Other electronic contributions to a phonon's decay rate besides the pair processes could complicate the interpretation of results. We have described how, if the relative phase is small, for temperatures slightly above the discontinuity the linewidth will increase as the temperature drops. If, however, the relative phase is close to π, the linewidth decreases just before the discontinuity. Since other contributions to the linewidth are expected to be smooth near the pair-production threshold, even if those other contributions are large, the temperature dependence of the linewidth just above the discontinuity will retain this strong dependence on the relative gap phase.
The 
